Introduction

27
Haplotype phase ("haploid genotype") refers to a combination of genotypes that are linked along a is around 10-100 kb, which is sufficient for building long haplotype blocks in regions with normal 68 variant density (1 per 1.5 kb). But even 100 kb-range of variant linkage is insufficient to build 69 haplotypes across regions of low variant density (< 1 per 10 kb) or gaps in the reference assembly, 70 which limit the average size of phase blocks determined by long-range sequencing to ∼ 1Mb. 
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Although sparse Hi-C data alone cannot generate long contiguous haplotypes, they provide a 83 scaffold that can be used to connect short phase blocks into long haplotypes . 84 This idea has led us to pursue a hybrid approach of haplotype inference combining long-range 85 sequencing and Hi-C sequencing, using long-range sequencing to generate megabase-scale phase 86 blocks and then connecting these blocks by sparse yet specific long-range Hi-C reads (Figure 1 ). 87 Here we implement this idea using a simple spin-glass model formalism. In this formalism, both 88 local phasing and scaffolding of local phase blocks are solved as a minimization problem. This 89 formalism further enables quantitative assessment of phasing accuracy at every polymorphic site, 90 which is critical for ensuring accuracy of local phase blocks and specificity of long-range phase Figure 1 . Whole-chromosome haplotype phasing by long-range and Hi-C sequencing. We first generate megabase-scale haplotype blocks using linkage information from long-read or linked-reads sequencing. We then connect these blocks within each chromosome arm combining all phased Hi-C links between blocks. Finally, we bridge p-and q-arm haplotypes using phased Hi-C links between the arms. To ensure accuracy of linkage between blocks, it is critical that each block is phased accurately with no switching errors.
We formulate the problem of haplotype inference as an energy minimization problem of a onedimensional Spin Glass (SG) model. This formalism is based on the binary nature of genotypes at each heterozygous site, Reference (R) or Alternate (A). The genotype at site is represented as = +1 (reference) or = −1 (alternate). The haplotype phase of a chromosome at sites = 1, 2, ⋯ is represented as a vector
and − are complementary haplotypes of homologous chromosomes and equivalent.
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Current phasing methods, whether designed for statistical phasing from a population or for haplotype inference from long-range sequencing, focus on determining the linkage between adjacent sites from one of the following scenarios:
reference-reference linkage:
= 1, +1 = 1 alternate-alternate linkage:
= −1, +1 = −1 reference-alternate linkage:
= 1, +1 = −1 alternate-reference linkage:
= −1, +1 = 1.
These can be simplified to two cases:
reference-reference/alternate-alternate linkage: ⋅ +1 = 1 reference-alternate/alternate-reference linkage:
which can be further generalized to describe the linkage between any two sites and :
reference-reference/alternate-alternate linkage: ⋅ = 1 reference-alternate/alternate-reference linkage: ⋅ = −1.
In short-read sequencing, linkage between variants is only available when they are covered by 124 a single sequencing fragment. As the maximum fragment length (≲ 1 kb) is significantly shorter 125 than the average spacing between variant sites in a human genome (3 × 10 9 ∕2 × 10 6 ≈ 1. To have a simple formalism for global haplotype inference, we introduce a matrix that accumulates all linkage information between variant sites:
where 's represent read counts supporting each type of linkage; is defined as 
Before presenting a computational method to find in the next subsection, we want to highlight several features of this formalism. First, the symmetry between and − is obvious in the definition of ( ) and . In general, can incorporate linkage information across different ranges from multiple technologies, providing a general framework for joint haplotype inference. Second, ( ) can be interpret as the log-likelihood for a haplotype configuration given the observation . Assume that conflicting linkage information due to genotype/trans errors are rare, then ≈ 1 and we have ( ) ≈ (# of linkage consistent with ) − (# of linkage inconsistent with ).
If we further assume sequencing errors or technical artifacts to be random and have a combined error frequency , then the likelihood | of haplotype given is given by
The second term on the last line is a constant, therefore
This relationship is convenient for the assessment of phase errors as described below.
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Finally, Eq. (3) is a general formalism for solving binary haplotypes. Assume we have knowledge of local haplotype blocks ( = 1, 2, ⋯ ) (and their complements ) and want to determine how they are combined on each chromosome, we can present the global haplotype as a vector of spins
We can then compute the linkage matrix between blocks similar to Eq. (1) as
and then solve by minimizing
Computational strategies for solving the haplotype 141 Determining the haplotype from the linkage matrix given by Eq. (1) is equivalent to minimizing ( ) given by Eq. (3). We solve this problem by alternately introducing two types of perturbations:
block flip:
These two perturbations are equivalent to correcting single-base phasing errors and block-switching errors. The energy changes associated with these perturbations are given by
and
Starting from a random initial state
we alternately consider spin flipping at every site and block flipping between every pair of adjacent 143 sites to improve haplotype inference, until the energy reaches a stable minimum against both 144 perturbations.
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As we iterate over every spin, it is straightforward to see that the overall complexity of calculating the flipping energy Δ is proportional to the total number of non-zero 's. When computing Δ | +1 between every pair of adjacent variant sites, we can take advantage of the following recursive relationship (The last step uses the symmetric property of = .):
Introducing
we can calculate both Δ and Δ | +1 as
Thus, the total complexity for calculating both Δ and Δ | +1 over all sites is proportional to the 146 total number of non-zero 's.
147
After the total energy ( ) reaches a steady state, we can assess switching or single base phasing errors by Δ . The interpretation of ( ) as a log-likelihood of a haplotype configuration (Eq. (4)) suggests that the energy change Δ or Δ | +1 is related to the probability of single-base or block-switching phasing errors as
Δ ∼ 0 indicates high probability of phasing or switching errors.
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Features of linkage information derived from long-range and Hi-C sequencing 149 The energy landscape of ( ) given by Eq. (3) quickly decay to zero above this range. In reality, there is a low-level background signal of linkage 176 above 100 kb that is distance-independent and generated by technical artifacts. This is confirmed Because Hi-C links are highly accurate, this signal is sufficient to connect phase blocks that are far
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The accuracy of long-range Hi-C contacts further suggests a gradual merging strategy to construct long haplotypes. Given that the density of Hi-C contacts ( ) between two loci separated by distance scales approximately as −1 , the total linkage between two blocks of size scales as
If we require a minimum threshold of linkage signal to be * , the range of Hi-C linkage scales as * ∼ * 2 .
This linkage signal should allow us to grow phase blocks to * by merging, which will generate a reads (gray rectangles in Fig. 5C A major source of false variant detection is due to incorrect alignment of short sequencing reads.
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Incorrectly aligned sequence reads (e.g., due to low sequence complexity or incompleteness of the 276 reference assembly) can be mistaken as variant-supporting reads in a locus that is homozygous.
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But mis-alignment also abolishes molecular linkage. The lack of linkage to flanking variants can be 278 a specific filter against false variants that is robust against false alignment. million and more than 98% of these are phased correctly using bulk linked-reads and Hi-C data. 297 We note that the majority of true variants after imposing either the allele ratio or the linkage 298 filters were contained in the original haplotype phase (Table ) The capability to connect all genetic variants and chromatin alterations on each homologous The specificity of Hi-C reads arising from intra-chromosomal contacts implies that we can 309 further use phased Hi-C links infer the structure of rearranged chromosomes ("digital karyotyping"). Haplotype information can also be inferred computationally using population panels or determined 330 experimentally from sequencing of single chromosomes. Despite all these efforts, it remains 331 unclear whether complete whole-chromosome haplotypes can be accurately determined using allelic copy-number changes, including loss-of-heterozygosity. 362 We note that our phasing algorithm is robust against false variants (10-20%). This is because 
